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1 Introduction 

We will say that a pro-p group G is perfect if all derived subgroups G^''^ are 
open. Note that a pro-p group is perfect if and only if 

A,(G) = |{AeIrr(G)|A(l)=p'}| 

is finite for any i > 0. Here Irr(G) is the set of the characters of the irreducible 
smooth complex representations of G. When G is uniform (a torsion-free pow- 
erful pro-p group), G is perfect if and only if [G, G] is open in G. 
In this note we shall investigate the function 

oo 

i=0 \eIrr{G) 

when G is perfect p-adic analytic pro-p group. The main result is the following 
theorem. 

Theorem 1.1. Let G be a perfect p-adic analytic pro-p group. Then Cc^i^) 
a rational function in p" if one of the following conditions holds: 

1. G is a uniform pro-p group or 

2. p>2. 

The proof of this theorem is based on the correspondence between the char- 
acters of a uniform pro-p group and the orbits of the action of the group on the 
dual of its Lie algebra. This result is an analogue of the Kirillov theory, intro- 
duced first in the context of nilpotent Lie groups and then used in many other 
situations (see |7j). The correspondence is quite explicit and it also gives the 
exact formula for characters in some cases. It permits us to obtain a stronger 
version of Theorem II. II in these cases. 
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We introduce a generalization of the notion of a powerful pro p-group: we 
say that a pro p-group G is fc-powerful if [G, G] < G^ . We say that a pro-p 
group is fc-uniform if G is fc-powerful without torsion. We have the following 
generalization of Theorem ll.il 

Theorem 1.2. Let N be a 1-uniform (uniform) pro-p group if p > 5 and 2- 
uniform pro-p group if p = 3. Then for any g £ N , 

XeIrr{G) 

is a rational function in . 

In Section 13 we describe Howe's version of Kirillov's correspondence. The 
correspondence permits us "linearize" the problem and apply the potent tools 
of p-adic integration which we introduce in Section |31 In Section ^ we prove 
Theorem II. If 1) and Theorem 11.21 Section [S] is dedicated to some results from 
the character theory of finite groups. We apply these results in Sectional where 
we prove Theorem II. ir 2'). 

The notation is standard. If G is a profinite group, then Irr(G) denotes the 
set of the (complex) irreducible smooth (not only linear) characters of G. If L is 
a Zp-Lie algebra of finite rank, then Irr(i) is the set of the irreducible characters 
of the additive group of L and L* = Hom^ {L, Zp) is the dual of L. The set 
Ch(G) is the set of the admissible smooth characters of G. So any element of 
Ch(G) is a finite sum of elements from Irr(G). The scalar product of character 
we denote by < , >. If A'^ is a normal group of finite index and x ^ Irr(iV), 
then 

Irr(Glx) - {AG Irr(G)| <Xn,X>^0} 

and Ch(G|x) is the set of the finite sums of elements from Irr(G|x). We will say 
that characters from Ch(G|x) lie over x- We will use [ , ]l to denote the Lie 
brackets and [ , ]g for the group commutator. If g is an elemethe of a group, 
o{g) will mean the order of element g. The order of a non-zero complex number 
is its order in C*. 



2 Correspondence between characters and coad- 
joint orbits 

In this section we describe the correspondence between characters of a uniform 
pro-p group N and coadjoint orbits of action of N on the dual of the Lie algebra 
associated with N. This section is based on the paper [S], where almost all 
proofs of the results of this section can be found (at least in the case p > 2). 

Remind that if iV is a uniform pro-p group, then from Lazard (see, for 
example, [S|) we know that we can associate a Zp-Lie algebra L with A^. This 
Lie algebra can be identified with as a set and the Lie operations are defined 

by 

g + h= \im{gP"hP"r'\ [g,h]L = lim [g^" , /i^"]^"" . 
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Since (L, +) is a pro-p group, we can consider the set Irr(L). Note that N acts 
on L by conjugation, whence N also acts on Irr(X). It is easy to see that all 
A^-orbits of the last action are finite. 

Theorem 2.1. Let N be a 1-uniform (uniform) pro-p group if p > 5 and 2- 
uniform pro-p group if p — 3 and let fl be a N -orbit in Irr(L). Define : N 
C by means of 

Then G Irr(A'^) and all characters of G have this form. Moreover, two 
different orbits fii and give two different $Oi and $02- 

If N satisfies the hypothesis of the previous theorem and it is also perfect, 
then we obtain that Xi{N) is equal to the number of iV-orbits in Irr(L) of size 
p^*. Next theorem shows that this is true for all uniform pro-p groups. 

Theorem 2.2. Let N be a uniform pro-p group, a e Irr(Af) and U, a N-orbit 
in Irr(L). If < a, >^ 0, then — $si(l)- particular, if N is perfect, 
then \i(G) is equal to the number of N -orbits in Irr(L) of size p^^ . 

If w G Irr(L, +), we define 

B^{l,k) = w{[l,k]L), l,ke L. 

Then B^, is a bilinear form on L. Put Rad(u') — {I E L\Bm{l,L) — 1}. An 
important point is that Rad(w) is equal to StAr(w) = {5 G N\w^ = w}. Hence 
by the previous theorem, we have that if iV is a uniform pro-p group then 

Cm\s)= J2 l^:RadH|^(-^-2). 
Therefore we are interested in the function C,{s) — J2weirTiL) 1^ • Rad(w)|~*. 

3 P-adic integration 

In this section we give an explanation of the notion of p-adic integral and we 
introduce the facts that we will use later. More detailed discussion of this 
subject can be found in m^HH- 

We use the standard notation for p-adic sets. | | is the standard p-adic 
valuation on Qp-. if a G p'^'Zp \ p'''+^Zp, entonces \a\ = p^'^ . ji will be the Haar 
mesure on Q^. We always suppose that — 1. 

Let X = {Xi, ■ ■ ■ ,Xm) be M commuting indeterminates and let Qp[[X]] 
denote the set of formal power series over Qp. We define the following subsets 
ofQp[[X]]: 

1. Zp[[X]] denotes the set of power series over Z^; 

2. Qp{X} consists of all formal power series ^^^ailC such that \ai\ ^0 as 
|j| — * 00. 
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3. Zp{X}=Zp[[X]]nQp{X}. 

We define the function D : ^ Zp by 



D{x,v) 



x/y if |a;| < \y\ and y 7^ 0, 
otherwise. 



For n > we define P„ to be the set of nonzero nth powers in Zp. 
We define the foUowing language considered in 151: 

Let Lf)" be the language with logical symbol V, V, A, =, a contable number 
of variables Xi and 

1. an m-place operation symbol F for each F(X) 6 Zp{X}, m > 0; 

2. a binary operation symbol D\ 

3. a unitary relation symbol P„ for each n > 2. 

Each formula (t>{xi, ■ ■ ■ , xm) in the language Lg^ defines a subset 
= {x e Zp"'|(/)(x) is true in Zp}, 

where we interpret 

1. each F G Zp{X}, as a function /: Z^ ^ Zp defined by /(x) = -P'(x); 

2. the binary operation symbol D as the function Z?; 

3. Pn{x) to be true if a; e P„. 

We call such subset definable. A function / : F ^ Zp is called definable if 
its graph is definable subset. Note that, in particular, a definable function is 
bounded. 

With each pair of definable functions /i : Zp^ ^ Zp, /2 : Zp^ Zp and the 
definable subset U of Zp^ we associate the following function: 

I{hj2,U,s)^ [ |/i(x)|^l/2(x)|dA*. 

Ju 

We shall call this function definable integral. 

Theorem 3.1. Suppose that I{fi, f2,U, s) is a definable integral. Then 
1. U is measurable, and 

^- I{fiT f2,U, s) is a rational function in . 
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4 The uniform case 



Wc begin this section with some known facts about endomorphisms of Z^. Let 
A, B E M,i(Zp) be two matrices over Zp. We write A ^ B ii there are two 
invertible matrices C'l and C2 over Zp such that C'iAC2 = B. 

U A = {aij)i<ij<„ and U C {1, • • • , n} we put gu{A) = det[(ay)jjgc/]. 

For any 1 < i < n we fix an order on subsets of {1, • • • , n} with i elements. 
We put hoi A) = 1 and let for 1 < z < n hi{A) be gu{^) such that \U\ = i 
and for any U' C {I,-- - ,n} with \U'\ = i we have |5(!7/(^)| < |5(!7(^)| or 
\gu'{A)\ = \gu{A)\8.ndU <U'. 

Lemma 4.1. Let A G M„(Zp) be a matrix over Zp. Then 

1. There are si, • • • , s„ G Zp, satisfying \si\ > \si+i\ for any 1 < i < n, such 
that A ~ diag(si, • • • , s„). Moreover, if A diag(ti, • • • , f„) with \ti\ > 

for any 1 < i < n, then \ti\ = \si\. 

2. For anyO<i<n~l, \D{h,{A),h,^i{A))\ > \D{h,+i(A),h^{A))\ and 

A ~ diag(/ii(^), D{h2{A), hi{A)), ■■■ , D{hn{A), 
Proof. It is enough to observe that A ~ diag(si , • • • , s„) if and only if Zp /A(Zp ) = 

©iLl^p/SiZp. □ 

It is not difficult to see that if A ^ B then = \hi{B)\. Therefore, 

sometimes we will speak about \hi{(j))\, where 4> G HomZj^(Mi, M2) and Mi = 
M2 = Zp. Hence the previous lemma implies the following result 

Lemma 4.2. Let Mi = M2 = Zp be two Zp-modules, ^ z G Zp and (p G 
Homz^(Mi,M2). Then\Mi/(j)-\zM2)\ = 

1 if \z\ > 

\z\-''\hkict>)\ if \D{hki^),hk-im\ > \z\ > \D{hk+i{4,),hk{cl>))l l<k<n-l 

if \z\<\Dih„{(l,),hn-im\- 

Proof. By the previous lemma, we can choose bases of Mi and M2 such that 
the matrix A associated with (f) in these bases is diagonal and equal to 

diag{hi{A),D{h2(A),hM)), ■■■ , D{h^{A), /i„_i(A))). 
Since |ft.i(<^)| = |^j(^)| for all i, wc obtain the lemma. □ 

Now, let be a uniform pro-p group and L the Lie algebra associated with 
N. Put L* = Homzp (L, Zp). Since N acts on L, L* has a structure of A''-module. 

Note that Irr(L) is the direct limit of lrr{L/p''L). For each z > we fix 6i 
a p^th primitive root of 1 in C and we construct a iV-homomorphism $j : L* ^ 
1ty{L/p' L) in the following way: 

Mm){l+p'L)=9f'\ 
The kernel of $i is equal to p^L* and so is surjective. 
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Remark 4.3. Note also that L* is A^-isomorphic to the inverse hmit of (Irr(L/p'^L), (j>k,i) 
where the homomorphism (pkji- Irr(L/p'^L) — > Irr(L/p*L) {k > i) is defined by 
means of 

(l>kAm){l+p'L) = m{p''-H+p''L). 

Therefore, {^i} can be also constrnctcd in a canonical way. 
For any 7^ z £ Zp such that \z\ = p^' we define = 

Let L* ^ B.omZp{L, L*) be the map defined in the following way: if 
l,k G L and m £ L* then 

^'(m)(Z)(fc) = {m{[k,l]). 

Lemma 4.4. Let m e L* and 7^ z G Zp. Then 

Rad($^(m)) = (*(m))-i(zL*). 

Proof. Let |z| = Then we have the following series of equivalent proposi- 
tions: 

X £ Rad($2(m)) <^ $2(m)([?y, .x]) = IVy £ L 
^{m){x){y) £ zZpiy £L^ *(m)(a;) £ zL* ^ x £ {'^{m))-\zL*). 

□ 

Let {ei, • • • , Cn} be a basis of L and {/i, • • • , /„} a basis of L*. So, any 
element a from L or L* is identified with a vector (ai, • • • , Un) and we can view 
HomZpiL, L*) as M„(Zp). Then the entries of ^{a), a £ L* are linear functions 
on {tti} and gy(^'(a)) are polynomials on {ai} for every ?7 C {1, • • • ,n}. This 
implies that hi{'if{a)) are definable functions in Lg^. 

Define the sets W = {L* \pL*) x {pZp \ {0}), 

Wo = {ia,z)£W\\z\>\hi{^{a))\}, 
for any 1 < A: < n — 1, 

W^fc = {{a,z) £ W^||D(/ife(*(a)),/ifc_i(*(a)))| > \z\ > |D(/ifc+i(*(a)), /ifc(*(a)))|} 
and 

W„ = {{a, z) £ W\\z\ < \D{K{^{a)),K-i{^{a)))\}. 

If (a, z) £ Wk define a{a, z) ~ D{z'', /ife(5'(a))). Then a is a definable function 
on W. Using two previous lemmas, we obtain that 

Corollary 4.5. Let {a,z) £ W. Then \L : Rad{<!>^{a))\ = \a{a, z)\-'^ . 

Now, suppose that A'' is perfect. In this case we have the next important 
property: 
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Lemma 4.6. Let N be a perfect uniform pro-p group and L the Lie algebra 
associated with N . Then the number 

m{L) ^ min{fc|p''L C [L,L]l} 

is finite and for any w G Irr{L) we have o{w) < \L : Rad(w)|p'"'-^^. 

Proof. The finiteness of m(L) follows from the perfectness of L. 

Since p'^^^'^L < [L,L]l, \L : Rad(w)|p"(^)L < [L,Rad(w)]L. Hence 

w{\L : RadH|p™(-^)L) = 1, 

and so \L : Rad(w)|p'"(^) > o{w). □ 

Corollary 4.7. Let (a, z) e W. Then 

|p"(^)a(a,z)| <|z|. 

Proof. Note that if it; = $z(a), then \z\ = o{w)~^ . □ 

Theorem 4.8. Let N be a perfect uniform pro-p group. Then CN^i^) o, 
rational function in p" . 

Proof. Let L be the Lie algebra associated with N and n the Zp-rank of L. First 
note that if (a, z) G W and w = <l'z(a), then \z\ = o{w)^^ . Hence 

H{{{a,z) e VF|$z(a) ^w}^{p- l)p-io(w)^'"+^' . 

Therefore 

C(s)-1= ^ |L : i?ad(w)|-" = 

ll,#toe/rr(L) 

E / ^^^~X' \L--Rad{^Mrdadz^ 



li#i«Glrr(L) 



P^P - 1)"' / O^l^ Rcid{<^>M\-^dadz = 

p{p-l)-^ I \z\-^-^+^\a{a,z)\''dadz. 



JW 

By Corollary 14. 71 we have that if (a, z) e W , then 

Izj-i = |zri|p'"(^)a(a,z)|b'"(^)«(a,z)|-i = 
|D(p'"(^)a(a, z), z)||p'"(^)a(a, z)]-!. 

Therefore we have: 



\z\^^''+'^^\a{a,z)\'dadz 



w 



pm(L)(„+i)( / z), z)r+ V(a, z)Y-''-Hadz) 



Now from Theorem lci.ll we obtain that the last integral is a rational function 
inp**, whence ({s) is a rational function inp*. Note that since ({s) = ^ aip~^'^'^, 
we have that C,{s) is a rational function in p^*. We conclude from the last 
paragraph of Section 2 that C'tfi^) ^ rational function in p*. □ 

Let A'^ be a perfect uniform pro-p group, g (z N and let fii be the sum of all 
irreducible characters of N of degree p\ Then 

C30 

J2 A(5)|A(l)r^=5]M,(ff)p-. 

Ae/rr(G) i=0 

Therefore the following theorem implies Theorem II. 21 

Theorem 4.9. Let N be a 1-uniform (uniform) pro-p group if p > 5 and 2- 
uniform pro-p group if p = 3. Then for any g £ N , 



i=0 

is a rational function in p^ . 
Proof. By Theorem lO 

ln|=p2i u)elrr(L), |L:Rad(u))|=p2i 

Hence 

oo 

Y.p^{9)p-''^ J2 w{g)\L:Rad{w)\-^^+'^/'. 

i=0 tuGlrr(L) 

Let 9„i be a p™th primitive root of 1. If the order of w is equal to > p, then 

{{p — l)p™^^ if g e Keru; 
if o{w{g))^p 
if o{w{g)) > p. 

Therefore we have 

E.=oA^KffK^^ = E»eWL),o(W,))=i|i:RadHr(^+2)/2- 



P 



Now, note that the sets Wi — {{a,z) e W\a{g) = 0( mod z)} and W2 = 
{{a,z) G W\pa{g) = 0( mod z)} are definable. Following the proof of the 
previous theorem, we obtain that 

V |L:Rad(u;)r-'-l=p(p-l)-i / \z\'^''+^'^\a{a, z)\'dadz, 



ii;Glrr(L), o(w(g)) — l 



8 



and 



J2 \L:Rad{w)\-' =p{p^l)-^ f \z\-^"+^^a{a, z)\'dadz. 

u)Glrr(L), o{w{g))=p J W2\Wi 

Hence, as in the previous theorem, we conclude that X^i^o l^i{9)P~'^^ is a rational 
function in p*' . □ 



5 Character triples 

Let G be a group, N a normal subgroup of G of finite index and 9 € Irr{N) 
G-invariant irreducible character of N. Under these hypotheses we say that 
(G, N, 0) is a character triple. We refer the reader to [HI Section 11] for general 
discussion on character triples. The main idea consist in replacing (G, N, 9) 
by another character triple (r,A, A) in which T/A = G/N and A is linear. 
Moreover, the character theory of extensions of A on F and 6' on G is the same. 
(The next definition explains what this means exactly.) For instance, we will 
have that A'" and 9'-^ have the same numbers of irreducible constituents with 
the same ramifications. 

Definition 5.1. Let (G, iV, 9) and {H, M, (/>) be character triples and r : H/M 
G/N be an isomorphism. For M < T < H, let T"^ denote the inverse image in 
G of t{T/M). For every such T, suppose there exists a map St- Ch{T\9) 
Ch(r^|0) such that the following conditions hold for T, K with M < K <T < 
H and x,^J e Ch(r|6l). 

1. Srix + i') ^ST{x) + ST{ij); 

2. (x,^) = (<5t(x),<5tW); 

3. Sk{xk) = {St{x)k-); 

4. SrixP) = St{x)P"' for /? e Irr{T/M). 

Let S denote the union of the maps St- Then {t,S) is an isomorphism from 
{G,N,9) to {H,M,(f>). 

Now, let p > 2 and G be a p-adic analytic pro-p group. We know that G 
has a 2-uniform subgroup N of finite index. Let L be the Lie algebra associated 
with N. Let x be an irreducible character of N. Then, from Theorem 12.11 it 
follows that there exists a G-orbit in Irr(L), such that x — Let w € ^l. 
By [ni Theorem 6.11], in order to understand the character theory of extensions 
of X on G we should investigate the character theory of extensions of x on 
I = Ig{x) = {5 £ G\x^ = x}- This problem is solved in the next theorem. 

Theorem 5.2. Let G, N , I, L, Xj ^ ^'^'^ w before. Then wstjv(ii') ^ 
Irr(StAr(i(;)) and {I,N,x) is isomorphic to {^iG{w),StN{w),wstM(w)) ■ 
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This result is practically Proposition 1.2 from [Sj. But, since we use a dif- 
ferent notation, we present a sketch of the proof. 

Proof. First, by ||5J Lemma 1.4], there exists a subgroup A oi N such that 

1. A is a uniform pio-p group and so it is also a Lie subalgebra of L; 

2. Bw{A,A) — 1 and A is maximal with this property; 

3. wa is also a groups character of A respect multiplication and x ~ (w'yi)^; 

4. A is StG(w)-invariant. 

Put S = StGiw)A. Then we have that I = SN and A = SCiN. Note that wa 
is S'-invariant. First, we will see that {I,N,x) and {S,A,wa) are isomorphic. 

Let T be the natural isomorphism between S/A = S/{S H N) and I/N = 
SN/N, T a subgroup of 5, which contains A, and the inverse image in / of 
t{T/A). Hence = TN. Define (5t : C\y{T\wA) ^ Ch(r^|x) by means of 

5t[o) — , a G Ch(T|w^). 

Since = x and N fixes x, (5t sends Ch{T\wA) to C/i(r^|x). 

We have to check four properties of Definition 15. II The fist one is clear. In 
order to prove the second one, observe that 

(wAr ^iiwAfr =x^^- 

In particular, 

< iwAr,iwAr >=< X^\X^^ >=< X, ix^^N >= \TyN\. 
On the other hand, 

A6lrr(T|M)A) \£Ii-t{T\wa) 

Hence we have 

iTViVl = <(^^Ar,(^«A^>-EA,,eIrr(T|..)A(lV(l)<A^^M^^>< 

AeIrr(T|«;A) 

This implies that 



EAeirrm..)A(l)^^|TMH|T7iV|. 



1 if X = fi 
if A ^ /I 

But this is exactly the second condition. 

The third property is a direct consequence of Problem 5.2] and the forth 
one can be obtained from Problem 5.3], bearing in mind that = (3. 

Now we will see that {S,A,wa) and (StcCw), StAr(w), wst„(iu)) are isomor- 
phic. Since StAr(w) — StG(u')n^ we have that 5/^ and StG(w)/ StAr(w) are iso- 
morphic. Let r be the natural isomorphism between S/A and Stciw)/ StN(w), 



10 



T a subgroup of S*, which contains A, and T"^ the inverse image in / of t{T /A). 
Hence = TnStG(w). Define 6t: C\i{T\wa) ^ C\i{T^ \wsta{w)) by means of 

(5t(q:) = OiT^, a G Ch(T|ti;^). 

We left to the reader to check that this map is an isomorphism of triples. □ 

Let Q be a finite group and be a free group on \Q\ variables (so F is 
generated hy Xq, q S Q). Define an homomorphism (p: F Q hy means of 
(j){xq) = q. Let H be the kernel of this homomorphism. Put F = F/[H, F] and 
H = H/[H,F]. Then H is an abclian group of finite rank. Hence we can write 
H = A (B B where A is torsion- free and B is a torsion group. Let (3 and a be 
F-invariant hnear characters of H. Since they are F-invariant, we can see a 
and f3 as characters of H. We will need the following criterion. 

Lemma 5.3. With the previous notation suppose that for every b E B n [F, F] 
the orders of a.{b) and (3{h) are same. Then the triples {F,H,a) and {F,H,(3) 

are isom,orphic. 

Proof. We split the proof in a number of steps. 

Step 1. Let 7 be a linear character of H which is trivial on B n [F,F]. 
Then there a character t of _F such that th = 7- 

Note that the comutator of F is finite, so [F,F]r] H = B f] [F, F]. Hence 
7 is also trivial on [F, F] D H. Therefore we can see 7 as a character of C = 
H/{[F, F] (1 H). But C can be seen as a subgroup of F/[F, F] and so we can 
extend J on F/[F,F]. 

Step 2. Let 7 be a linear character of H which is trivial on B fl [F, F] . 
Then _ff, a) and [F, H, Q!7) are isomorphic. 

We will indicate the isomorphism. By the previous step there exists r G 
Irr(F) which extends 7. Let T be a subgroup of F which contains H and x a 
character of T lying over a. We put 5t{x) = XTt- It is not difficult to see that 
it is really isomorphism of triples. 

Step 3. Final step. 

The conditions of lemma imply that asnf-F.-F] and /Jsnf-F,;^] are conjugated 
by an element a of the Galois group of Q. Hence a = /3'^7, where 7 is a linear 
character of H which is trivial on i? n [F, F\ . 

By the previous step, (F, H, a) and (F, (3'^) are isomorphic. On the other 
hand, {F,H,(]) and {F,H,f3°') are also isomorphic. □ 

Now let {si = Si{xq\q G Q)} C [F, F], be a finite set of elements of F such 
that B n [F, F] = {si[H, F]}. We denote by Sq the set {sj. 

Now, let ^ G Q be an extension of Q, i.e. (p is a. suriec:tive homomor- 
phism with kernel N. Let {tq\q G Q} be a transversal for in G, such that 
4>{tq) = q. Let a be a G-invariant linear character of N. Define a vector 

Sq{G, N, 0, a) = {o{a{si{tq\q G Q))), . . . , o{a{sk{tq\q G Q)))), 

where k = \Sq\ and o(r) means the order of r. 
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Corollary 5.4. 1. The vector Sq{G, N, (f>, a) does not depend on the choice 
of transversal for N in G. 

2. There exists only finite number of posilihilities for S'q(G, iV, </), a). 

3. If A^i — > Gi ^ Qi and N2 — > G2 ^ Q2 o,re two extensions of Q, ai is a 
Gi-invariant linear character of Ni for i = 1,2 and Sq{Gi, Ni,(j)i,ai) = 
SQ{G2,N2,4'2,Oi2), then {Gi,Ni,ai) and (G2, N2,a2) are isomorphic. 

6 The general case 

Throughout of this section we suppose that p > 2 and G be a p-adic analytic 
pro-p. We can find an open normal 2-uniforni subgroup N of G. Let L be the Lie 
algebra associated with TV. Since G acts on L, G also acts on L*. We will use the 
notation of Section^ Let {ei, ■ • ■ , e„} be a basis of L and {/i, • ■ • , /„} a basis 
of L* . So, any element a from L or L* is identified with a vector (ai, • ■ • , a„) 
from Z^. 

For any subgroup N < K < G, define the following set 
lTr{L)K ^{vue Itt{L)\N Staiw) ^ K}. 
Lemma 6.1. Wk — S W^|*i'z(a) G Iri'(i)K is a definable set. 

Proof. Fix a right transversal {ti\i = 1, . . . , m) for iV in G and suppose that 
K = U^t.N. 

Note that gi{a) = a*', a G L* is a linear function of a and f{a,g) — a^, 
a G L* , g G L is an analytic function of {a,g). Define a formula Fi in the 
language Lfj" in the following way. 

F.r.^3g gi{a) = f{a,g){ mod z). 

Hence Wk is equal to the following definable set 

{{a,z) e W\Fi{a, z)k ■ ■ ■ tFs{a, z)k^Fs+i{a, z)k ■ ■ ■ k^F^{z, a) is true in Zp}. 

□ 

Now, fix a subgroup K, satisfying N < K < G, and put Q = K/N . Let 
Sq — {sj} be as in the previous section. For any w e Irr(L)x define V(w) as 
follows. 

Fix a right transversal {yq\q G Q) for N in K, such that q ~ VqN. Since 
(a, z) e iC, we have (St(3(u'), Stjv(u'), 4>) is an extension of Q, where (f){s) = q ii 
sN = y^N for s G StG(u;). Put 

V{w) = S'Q(StG(w),StAr(u;),(^,u;st„(^)). 

From Corollarv l5.4l we know that V{w) takes a finite number of values. Let v 
be a such value. We put 

lTr{L)K,v = {w(E Irr{L)K\V{w) = v}. 



12 



Lemma 6.2. The set Wk.v = {(O)^) G WKl^zia)) G lrr{L)K.v} is definable. 

Proof. Note that a{si{yqaq\q € Q)) is an analytic map from L* x LI*^' to Zp and 
for any q € Q, the function gq{a) = a'', a S L* is a linear function of a. Also 
the function f {a, g) = , a & L* , g & L is a.n analytic function of {a,g). Define 
the following formula Gk.v in L™: 

Gk.v ■ = 3(ng|g G Q) e Q gq{a) = f{a, -nq){ mod z) & 
(Vj (a(s,(%n,)) = 0( mod z) k v = 1) \l 
(a(sj{yqnq))v = 0( mod z) & a{sj{yqnq))v ^ 0( mod p^))). 

In the first row of the formula we find a transversal {yqnq\q G Q) for Stjv(*i'z(a)) 
in StG($z(a)) and in the second and third we check the condition V{a, z) — v. 
Hence we have Wk,v = {(«, z) G WKlGx.via, z) is true in Zp}. Hence Wk,v is 
definable. □ 

Now, we are ready to prove the following theorem. 

Theorem 6.3. Let p > 2 and G be a p-adic analytic perfect pro-p group. Then 
Cc'is) is a rational function in p'^ . 

Proof. We conserve the previous notation. For any N < K < G we define 

AGlrr(G[x), xebr{N), Ig{x)=K 

Note that if A G Irr(G|x),X G Irr(A^) and Ig{x) = K then A lies over \G/K\ 
irreducible characters of N. Hence we have 



ch 



So, we should prove the rationahty of C,q^{s) for each K. Note that 

Cg]k{s)^\gik\-^ E /xlx(l)r^ (6.1) 

Xelrr(JV), Ig(x)=K 



AGlrr(Klx) 



A(l) 



x(i) 



where fx = T, 

Consider an arbitrary character x G Irr(A^) such that Ig{x) — K. Then, 
from Theorem 12. II it follows that there exists a G-orbit Q, in Irr(L), such that 
X = Let ui G fi. Since Ig{x) = we have w G Irr(L)j<-. By Theorem l5.2l 
{K,N,x) is isomorphic to (St g{w), St N{w),wstj^(^iu)). Hence 

fx- E i^wi"''- 

AeIiT(StG(i«)|i«stjv(™)) 

For w G Irr(L) define /,„ = EAeirr(stG(»)|»st„(„)) l'*^(l)r"- ^hen the equality 
1)6. l|l can be rewritten as 
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Now, note that if wi, W2 G Irr(-^)K,i; then, by CoroIlarv l5.4l (StcCuii), StAr(u'i), (u'i)stjv(M'i)) 
and (StG(w2), Stjv(fi'2), (w2)stw(u'2)) ^'^^ isomorphic and, in particular, f^j^ = 
fw2- Hence in order to prove the rationahty of Co'j^is) it is enough to prove 
that X]iueirr(L)jc „ \^ ■ Rad(it;)|~* is a rational function in p~^*. 

We do it in the same way as we proved Theorem 14.81 because we have that 

J2 |i:RadHr"===p(p-l)-i /" \z\-''''+^^aia,z)\'dadz. 

The last integral we can transform to a definable integral using the argument of 
the proof of Theorem 14.81 because Wk,v is a definable set by Lemma [6.21 □ 
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